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ABSTRACT

This work presents an algorithm for coarsening all-hexahedral meshes while maintaining all-hexahedral connectivity.
The dual of a mesh is described and the constraints on hexahedral mesh modi�cation are explained. This paper then
describes how mesh coarsening can be performed by using the information contained in the dual.
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1. INTRODUCTION

Three-dimensional �nite element analysis (FEA) is an
important design tool for scientists and engineers. Be-
fore the analysis can begin, a mesh must be created for
the model. There is currently signi�cant research be-
ing devoted to the generation of such meshes. Tetra-
hedral meshes are well developed and have been in-
corporated in numerous software packages. Hexahe-
dral meshes provide some advantages over tetrahedral
meshes but are currently more restrictive in the geo-
metrical shapes they can �ll[1][2].

The current method of choice for meshing three-
dimensional geometries with all-hexahedral elements
is sweeping. Recent advancements have made sweep-
ing algorithms versatile tools for solving numerous
meshing problems. Sweeping algorithms can handle
multiple source and target surfaces[3][4], as well as
non-planar, non-parallel source and target surfaces[5].
Other algorithms have been developed with the ob-
jective of creating an arbitrary three-dimensional all-
hexahedral mesh. One example is whisker weaving[6].
The whisker weaving algorithm can create meshes
on complex, non-sweepable geometries. But, whisker
weaving does not guarantee mesh quality and often
produces initial meshes that are unsuitable for analy-
sis due to inverted elements. Such meshes can be very
diÆcult to untangle[7].

This paper introduces an algorithm used to modify
an existing mesh by removing sheets of hexahedral el-
ements. This algorithm can be used to coarsen the
mesh or improve mesh quality by removing poor qual-
ity elements from the mesh. It can also be used to
modify swept meshes so that the linking surfaces take
on an unstructured con�guration.

2. THE DUAL OF A MESH

An all-hexahedral mesh can be represented by its
dual. Murdoch[8] discussed the possibilities of creat-
ing an all-hexahedral mesh for any arbitrary three-
dimensional volume by using the properties of the
dual. Two important properties of the dual that Mur-
doch discussed are: 1) it provides an alternative geo-
metrical representation of a mesh and 2) it explicitly
de�nes the global connectivity constraints of a mesh.
Although the work presented in this paper does not
deal with the initial mesh generation process the meth-
ods are best presented and discussed with an under-
standing of the dual of a mesh. For a de�nition of the
terms used in describing the dual see [8].



Others have explored using the dual as a means of
generating and modifying meshes. This work includes
hexahedral mesh generation techniques described in
[6] and [9]. A dual based approach for generating and
modifying surfaces meshes has also been described in
[10].

3. HEXAHEDRAL MESH MODIFICATION
CONSTRAINT

For all-hexahedral mesh modi�cation there are two im-
portant properties of dual chords that must be con-
sidered: 1) A chord that begins on a boundary of the
meshed region must terminate on the boundary of the
meshed region and 2) a chord that does not begin on
the boundary must form a closed loop. These proper-
ties dictate that any insertion or extraction of elements
will have a global e�ect on the existing mesh.

Adding or removing new elements to a conformal mesh
during re�nement will add or remove chords to the
dual. For a three-dimensional mesh, if one new hex-
ahedral element is added to the mesh an entire twist
plane with its resulting chords will be added to the
dual and removing one hexahedral element will result
in removing one twist plane from the dual. This may
lead to many elements being added or removed from
the mesh. The chords that are added to the dual will
either propagate through the mesh until they reach a
boundary or they will form closed loops. This global
constraint that changes to the mesh must propagate
according to the dual makes generalized local modi�-
cations diÆcult.

4. FINDING HEXAHEDRAL SHEETS

The �rst step to hexahedral sheet extraction is to �nd
all the hexahedral elements of the sheet that is being
extracted. A twist plane of the dual can represent a
sheet of mesh elements. A user speci�es the twist plane
to be re�ned by selecting a single mesh edge. Figure 1
shows how this is done. A mesh edge is chosen and the
surface dual chord that intersects it is found (dashed
lines in Figure 1 represent dual chords). The surface
centroids of this chord represent end points of volume
chords that are part of the twist plane that is being
de�ned. One of these volume chords is arbitrarily cho-
sen and the hexahedral element of the �rst volume
centroid becomes the initial element in the sheet, h0.

Once the initial element is found the chord segments
of its dual cenetroid that lie on the twist plane can
be followed to neighboring elements. If the element is
on a boundary the chord will terminate at the surface
centroid. If a neighboring element is found that is
not already in the hex sheet it is added to the sheet
and each of its neighboring elements is searched in
turn. This process continues until no new elements
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Figure 1: Defining a twist plane with a mesh edge.

are found. The following recursive algorithm outlines
this process of �nding hexahedral sheets.

Step 1: De�ne the twist plane, p, and initial hex
element, h0, of the sheet;

Step 2: For each chord segment, si, of h0 on p;
Find neighboring hex element, hi;
If hi is already in sheet
continue;

else
Add hi to sheet and perform Step 2 on hi;

Step 3: Return hex sheet;

5. MERGING NODES

Once the sheet of hexahedral elements that will be
extracted has been found, sets of nodes that will be
merged together after the extraction process are cre-
ated. Each merge set contains nodes that share an
edge bisected by the twist plane that de�nes the sheet.
This grouping is cumulative so that the sets may con-
tain more than two nodes. These larger sets will oc-
cur at self-intersections in the twist plane. Figure 2
illustrates how nodes are grouped into sets using a
two-dimensional example. In this case, nodes 1 and 2
share an edge bisected by the dual. These two nodes
will be grouped into one set. Nodes 3 and 4 also share
a bisected edge but so do nodes 4 and 5 and nodes 5
and 6. Because the grouping is cumulative, nodes 3,
4, 5, and 6 will be grouped into a single merge set.



Before the nodes in each set are merged a check is
made to ensure that the merge is possible. The gov-
erning inuence in this check is the geometric entity
that owns each node. The node with the lowest di-
mensional owner is found and a check is made to see
if the other nodes in the set can be merged into it.

If the merge is possible for all merge sets the elements
of the sheet are deleted from the mesh. The nodes
are then merged based on owning entity; nodes owned
by higher dimensional entities are merged into nodes
owned by lower dimensional entities. If the owning
entities of two nodes that are being merged are the
same dimension, the owners are required to be the
same entity and the nodes will be merged to an average
location.
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Figure 2: Grouping nodes into merge sets.

6. SHEET EXTRACTION EXAMPLES

The following �gures show three examples of sheet ex-
traction. The mesh in Figure 3a was created with the
whisker weaving algorithm. Sheet extraction is used
on this model to improve the mesh quality. The ini-
tial mesh has very poor quality as shown in Table 1.
This mesh has sixty-one inverted elements with 6253
total elements. Figure 3b shows the mesh after sheet
extraction was used to remove the inverted elements.
Currently, sheets are manually selected for removal. In
this example, an inverted element was arbitrarily cho-
sen and a sheet that de�ned the element was removed
from the mesh. By removing this sheet the element
was also removed from the mesh. After a sheet was
removed the mesh was smoothed and a new inverted
element was selected for removal. This process contin-
ued until all inverted elements were removed from the
mesh.

After the inverted elements were removed from the
mesh sheet extraction was used to remove surface el-
ements with six valent nodes. Again, this was done
manually one sheet at a time until all six valent nodes
were removed. The resulting mesh is shown in Fig-
ure 3c. The �nal mesh had 1612 elements with no
inverted elements. Table 1 shows a comparison of the
initial and �nal quality of this mesh.

Table 1: Quality of mesh in Figure 3 before and after
sheet extraction.

Shape Scaled Jacobian
Before After Before After

Average 0.6961 0.6278 0.6578 0.6569
Std.
Dev.

0.1986 0.1151 0.2477 0.1735

Min. 0.0000 0.2883 -0.8900 0.2953
Max. 0.9865 0.9517 0.9963 0.9956

Figure 4a shows a mesh with a large variation in ele-
ment aspect ratio. Because of the holes in the model it
must be meshed by sweeping with the tapered bound-
ary surfaces as linking surfaces. This forces the ta-
pered surfaces to be meshed by mapping which is the
cause of the variation in aspect ratio and mesh density.
[11] describes a re�nement algorithm that can be used
to reduce this variation in mesh density by adding el-
ements to the mesh. Similar results can be obtained
with sheet extraction by extraction two partial sheets
that are parallel to each other from the mesh. The
�rst step is to determine where the mesh will tran-
sition from the coarse to �ne mesh. This process is
described in [11].

The next step is to remove the partial sheets and cre-
ate the transition. A two-dimensional example of this
process is shown in �gure 5. Figure 5a shows the node
where the transition will take place and an arrow indi-
cating the direction of extraction for this example (the
dashed lines show the dual chords of the mesh and the
solid lines show the mesh edges). In Figure 5b the four
dual chords are cut at the transition point. Next, the
two middle chords are removed from the mesh in the
direction of the extraction and the two outer chords are
moved to an average location as shown in Figure 5c.
The chords are now ready to be tied back together.
The two chords in the extraction direction are tied to-
gether with the two middle chords of the unmodi�ed
mesh as shown in Figure 5d. The two outer chords of
the unmodi�ed mesh are then tied together as shown
in Figure 5e. Figure 5f shows the �nal transition dual
and mesh.
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Figure 3: Sheet extraction used to improve quality
of mesh created by whisker weaveing.

In the example in Figure 4, three successive extraction
operations were performed to get the mesh shown in
Figure 4b. Table 2 shows a comparison between the
shape and aspect ratio quality metrics for this mesh.

Notice that not only is the aspect ratio more uniform
but the shape metric is also improved slightly by sheet
extraction.
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Figure 4: Example transition path sheet extraction.
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Figure 5: Extracting elements at a transition
(dashed lines show the dual).



Table 2: Quality of mesh in Figure 4 before and after
sheet extraction.

Shape Aspect Ratio
Before After Before After

Average 0.8511 0.8677 1.845 1.404
Std.
Dev.

0.1423 0.1131 0.8637 0.3916

Min. 0.4312 0.4657 1.004 1.003
Max. 0.9989 0.9982 5.524 3.744

The �nal example shown in Figure 6 shows an ex-
treme example of coarsening a mesh with sheet ex-
traction. The original mesh shown in Figure 6a was
created using the whisker weaving algorithm. Sheets
were extracted from the mesh to get the �nal mesh
shown in Figure 6c. Figure 6b shows an intermediate
step between the initial and �nal mesh. Again, in this
example sheets were selected manually by inspection
until the desired coarseness was obtained.

7. CONCLUSION

This paper has presented a method to coarsen three-
dimensional all hexahedral swept meshes. The method
is very useful in allowing the modi�cation of a tra-
ditionally created mesh. In its current state it can
be easily incorporated into existing three-dimensional
all hexahedral meshing schemes. This method can be
further improved by developing routines for automat-
ically selecting sheets for extraction during mesh im-
provement.
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Figure 6: Coarsening a mesh with sheet extraction.



References

[1] Benzley S., Perry E., Merkley K., Clark B. \A
comparison of all-hexahedral and all-tetrahedral
�nite element meshes for elastic and elasto-plastic
analysis." Proceedings, 4th International Meshing

Roundtable, pp. 179{191. Sandia National Labo-
ratories, 1995

[2] Cifuentes A., Kalbag A. \Performance study of
tetrahedral and hexahedral elements in 3-D �nite
element structural analysis." Finite Elements in

Analysis and Design, vol. 12, 313{318, 1992

[3] Mingwu L., Benzley S. \A multiple source and
target sweeping method for generating all hexa-
hedral �nite element meshes." Proceedings, 5th

International Meshing Roundtable `96, pp. 217{
225. Sandia National Laboratories, 1996

[4] Shepherd J., Mitchell S., Knupp P., White D.
\Methods for multisweep automation." Proceed-

ings, 9th International Meshing Roundtable `00,
pp. 77{87. Sandia National Laboratories, 2000

[5] Staten M., Cannan S., Owen S. \BMSweep: lo-
cating Interior nodes during sweeping." Proceed-

ings, 7th International Meshing Roundtable `98,
pp. 7{18. Sandia National Laboratories, 1998

[6] Tautges T., Blacker T., Mitchell S. \The whisker
weaving algorithm: a connectivity-based method
for all-hexahedral �nite element meshes." Inter-

national Journal for Numerical Methods in Engi-

neering, vol. 39, 3327{3349, 1996

[7] Knupp P. \Hexahedral mesh untangling and al-
gebraic mesh quality metrics." Proceedings, 9th

International Meshing Roundtable `00, pp. 173{
183. Sandia National Laboratories, 2000

[8] Murdoch P. The Spatial Twist Continuum: A

Dual Representation of the All Hexahedral Finite

Element Mesh. Ph.D. thesis, Brigham Young Uni-
versity, 1995

[9] Muller-Hannemann M. \Hexahedral mesh gener-
ation by successive dual cycle elimination." En-

gineering with Computers, vol. 15, 269{279, 1999

[10] Grover B., Benzley S., Shepherd J. \Surface splic-
ing: a dual based approach to surface mesh mod-
i�cation and generation." 8th International Con-

ference on Numerical Grid Generation in Com-

putational Field Simulations, pp. 695{704. Inter-
national Society of Grid Generation, 2002

[11] Borden M., Benzley S., Mitchell S., White D.,
Meyers R. \The cleave and �ll tool: an
all-hexahedral re�nement algorithm for swept

meshes." Proceedings, 9th International Mesh-

ing Roundtable `00, pp. 69{76. Sandia National
Laboratories, 2000


